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Discrete Fourier Transform (DFT)

Transmitter produces

Sample the signal in time domain every T./N gives

e G

N-1

:_ZSkexp( 2”‘(”) JN IDFT{s}[n]

A o
=N IDFT {ct -] CTeF FT

We can implement OFDM in the discrete domain! o7Tc®  PTFT

DTODF PFT




Discrete Fourier Transform (DFT)
Yo

In DFT, we work with (V-point signal)(finite-length sequence of length N) in both time
and frequency domain. To simphify the definition we define

. Do
[ Uy = el W ]

and the DFT matrix () = ¥y whose element on the pth row and gth column is given by

y—(P-D(g-1)
Vn ~N

—

ST
VT

The “-1” are there because 1 1 1 1 |
we start from row 1 and 1 Jw;‘l U.\_.Q LI;"['\ —-1) X )
column 1. - y arn— R )
Yy = Uy’ Uy T.i"n-'z{\ v kjf; S |
2
- L‘.’) : : : :
ol B —(N-1)  —2(N-1) —(N—1)(N-1) NEEE
RN -1 ¥ YN N /) \. 1 ~1i)
Key Property: A tfl-i
< R‘} ~N
1_ 1 : 1 1 : - -
a Uy = Uy |Equivalently, ¥ Uy = Iy. W‘PN IS a unitary matrix

/




DFT o'auau’rion tekes N-pt S?Snw\ Yo eanmomer N-/¥ ‘:5““\‘

Definition 5.3. The N-point DFT of an N-point signal (column vector) z is given by

N-1 N-1
X [k] = Z r [n] eIk Z zn]vy™ 1.0 <k < N.
n=>0 n=0

The inverse DFT 1s given by

] v= DFT P
rn] = — E X [k]yFl=—— X [k] = E z [n] Y
In matrix form.,
L . DFT
Ir = —TlIJN_ZY — X = IIJN X I.
N DFT—!

(-




DFT: Example

Real part of|Basis Function

Imaginary part of| Basis unction

16 samples of

real part of

basis function
for 16 pt. DFT

cos(27*Sn/16)

e”-j2r*5n/16

16 samples of
imag. part of
basis function
for 16 pi. DFT

_j*sin(27*50/16)

Audio
i Next
Lecture

[http://www.fourier-series.com/fourierseries2 / DFT_tutorial.html]/




DTFT to DFT

* Start with a sequence in discrete time x|n].

® /-transform: X(z)=Zx[n]z‘”

n
® Discrete-Time Fourier Transform: X (ej“’) — Z x[n]e‘ja’”

® N points in time domain: X (ejco) _ Nzlx[n]e‘j“)”

* DFT: X, =X(e")




Efficient Implementation: ()FFT

x(0) X(0)
x(4) ‘ X(1)
x(2) % X(2)
x(6) " X(3)
o >SS
x(5) l ‘ X(5)
x(3) ‘ X(6)
x(7) X(7)

[Bahai, 2002, Fig. 2.9]

An N-point FFT requires only on the order of NlogN multiplications, rather than N? as in

@ a straightforward computation.




(-,

FFT

e The history of the FFT is complicated.

* As with many discoveries and inventions, it arrived before the
(computer) world was ready for it.

° Usually done with N a power of two.
Very efficient in terms of computing time
Ideally suited to the binary arithmetic of digital computers.

Ex: From the implementation point of view it is better to have, for
example, a FFT size of 1024 even if only 600 outputs are used than
try to have another length for FFT between 600 and 1024

£. ORAN BRIGHAM

Theery, Algorithms and

References: E. Oran Brigham, The Fast sl
Fourier Transform, Prentice-Hall, 1974




DFT Samples

® Here are the points s[n] on the continuous-time version s(t):

O.6(L r r r : r r T
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Oversampling
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Oversampling (2)

® Increase the number of sarnple points from N to LN on the

interval [0,T].

® [ is called the over—sampling factor.

s[n] 5[

T
LN

L. 1 < k ) 1w 27kn
s [n] \/_kZ;Skexp(J %:LN] \/szzc“)skexp( LNJ O/
1 1 @5 27kn Y o paddine: N
:WLN(WkOSkGXp(‘ N )] ey
N 1 (N NL-1 2.7k § _ Sk’ 0<k<N
-t W(koke o150 )+ 300015 m “710, N<k<LN
1 Nl o v
- LJN mk_oskexp( - D LN IDFT{S}[n]

@ recs

/




Oversampling: Summary

N points LN points

s[n]= s(nﬁj JIN IDFT{s}[n]| [s“[n]= s( LN) LN IDFT{S{[n]

O0<n<N O<n<LN
/.ero padding:
& _[Sc 0<k<N
“ 10, N<k<LN
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OFDM |mplementatlon by IFFT/FFT

s [n]= ( j LVN IFFT (S} [n]
—P —p
5 — s
S—»| | ¢ /NFFT| ° & L —5| DAC
= . . ° ‘
= o . % s(f)
A o . 5
[ ] ® _
—> —> =
5
=
] — ~
T — je— =
= e— «—] E (1)
R =S, —= « LFFT| ¢ = [ ADC le—
7p ® rf;j [ ] :
%. ° o E
3 . * L, This form of OFDM is often
D < referred to as Discrete

r[n]=VNIFFT{S}[n]  Multi-Tone (DMT). y




OFDM with Memoryless Channel

h (t) — IB5(t) [should be h(t) = f5(t—7)]

r(t)=h(t)=s(t)+w(t)=pBs(t)+w(t)

Additive white Gaussian noise

Sample every T /N

[n]= s[n]+w[n]
err | S[N]=VNIFFT{S}[n]
R, = FFT{y![n]= 55, + —W,

JN N

Sub-channel are independent.

(No ICI)

/




4 N

Channel with Finite Memory

Chfnmn ]'\Ch]

c,wll7 ‘E’.h‘s‘\’h L‘“') . ]
Discrete time baseband model: t - LJ_)-_, .

w[n]= %h ]+ w[n]
[Tse Viswanath, 2005, Sec. 2.2.3]

sf[n]
where h[n]=0forn<Oandn>v

iid We will assume that Vv < N
w[n] ~ €N (0,N,)

Remarks:
Z =X +jY 1s a complex Gaussian 1f X and Y are jointly Gaussian.

IfX, Yis11.d. \(0 o’ ), then Z =X +iY ~ C.-'\.-""(O_, oé) where cr; =26 with

-

f2(2) :fX__Y(Re{Z},Im{z}) =—e =3
(- }




OFDM Architecture

Symbol Bit Cyclic Ext./
Information |, g&m bl tevel Frea. p| '™ B ove g Sioddion — Pulse
S0 ng Interleaver coding Interleaver z:;‘wll
Frequency/Time Selective fading <
Channel, AWGN
Channel
> Estimation
Soit Symboi
Bit Level g Outer
De- Decision level Freq. Intormation
—» FFT P modutation [P] 0% inner [P  De- D sink
interleaver
Decoding Interleaver coding

) AGC/Coarse
Synchronization

[Bahai, 2002, Fig 1.11]
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